Pakistan Journal of Science (Vol. 64 No. 1 March, 2012)

CERTAIN H -sUBSETS OF @(¥YM)\Q UNDER THE ACTION OF

=<x,y:x2

:y4:1>

M. Aslam Malik, S. M Husnine and M. Asim Zafar

Department of Mathematics, University of the Punjab, Quaid-e-Azam Campus, Lahore-54590, Pakistan.
Corresponding Author E-mail: malikpu@yahoo.com

C =C Ui} be the extended complex plane and H

y(@)= -

Q'(Vn)={

positive integer. Then

n= kzm, is a proper subset of Q(*/H) for all keN . For non-square
Q () ={71acQ Wn)t=12

proved in an earlier paper that the set

whereas  if h=0 or 1 then

Q" (v4n) = (Q'(M\Q" (Wn))uQ" (an)

Q'(Wn)=Q " WnuQ™ (V4n) |1 is

-1

:<x,y:x2:y4:1> 27 and

X(Z
, where

2(z+1) are the linear fractional transformations from C->C . Let M bea square-free

a+J_

2

cz0p=2""

e Z and (a,b,c) =1}

= 2T

where

, it was

is an H -set for all h>0

Qv =220V oy 21y
c c and
are disjoint H _subsets of
paper, we prove that if hz2 , then

Q (\/ﬁ) =Q" (\/H)UQ | (\/ﬁ) and also determine the proper H _subsets of Q (“4n). In
— " L2
particular, Q(\/H)\Q =uQ (Vk'm) for all ke N AMS Mathematics subject classification

(2000): 05C25, 11E04, 20G15

Keywords: Real quadratic fields, orbits, linear fractional transformations.

INTRODUCTION

Throughout the paper we take M as a square

free positive integer. Since every element of Q(Wm)\Q
a++/n

can be expressed uniquely as ¢

— 1,2
_where N=Km_
2_
- o a0
is any positive integer and c

and C are

a(a,b,c)

relatively prime integers and we denote it by

Then
Q' (Wn)= {"”I acb=2 "

Q'(Vn) ={—:aeQ*(Jﬁ),t =1,2},

Q"Vn) = {a+[ a+[ e Q' (vn)and 2|c}

N cZand (a,b,c)=1},

67

are subsets of the real quadratic field Q(\/E) and
QWm)\Q is the disjoint union of Q" (Wn) forall N.

ir (@b, )eQ (\/_) and its conjugate a have
opposite signs then & s called an ambiguous number
(Mushtaq, 1988). A non-empty set € with an action of a
group G on it, is said to be a G get. we say that Q js
a transitive C -set if, for any P9 in Q there exists a
9 in G such that p? =4a,
We are interested
transformations X, Y

X! =y" =1

linear-fractional
the

in
satisfying relations
, With a view to study an action of the group
az+b

CZ+d is to

(X > ViZ—>
»Y? on real quadratic fields. If



Pakistan Journal of Science (Vol. 64 No. 1 March, 2012)

act on all real quadratic fields then a,b,c,d must be
rational numbers, and can be taken to be integers. Thus

(a+b)? az+b

ad —bc s rational. But if cz+d jsof orderof I',
(a+b)?

one must have ad—bc

Zw+ot+2
, where @ s a

-1
primitive I -th root of unity. Now @@ " s rational

for a primitive I -th root only if r=1234or 6,
that these are the only possible orders of Y The group

SO

vyl — gyl —
xy:xi=y =1 is cyclic of order 2 or D°°( an
infinite dihedral group ) according as I =10r 2 gor
r=3 %
PSL(Z’Z). The fractional linear transformations X' Y
_ -1
L @)=
2z and

of the modular group which is isomorphic to the

the group is the modular group

with

H

2(z+1) generate a subgroup

D2 — A —
abstract group X y:xt=y _1>. It is a standard
example from the theory of the modular group. The
action of H on the rational projective line Q U{w} is
transitive (see Mushtaq €t @l . 1997).

. QWm)\Q

isan H -set. It

=(x:x*=1)

In our case, the se
is noted that H s the free product of C,
— [

PSL(2,Z) on the real quadratic fields has been
discussed in detail in (Mushtag, 1988) and (M. Aslam

Malik €tal . 2005). The actual number of ambiguous

. The action of the modular group

numbers in Q (\/ﬁ) has been discussed in (S. M.

Husnine €t @l | 2005) as a function of N.
In a recent paper M. Aslam Malik and M. Asim
Zafar, 2011, have investigated that the cardinality of the

set P, Pa prime factor of M, consisting of all classes

[a’b’c](mOd p) of the elements of Q*(\/ﬁ) is

3 *
p~-1 and obtained two proper G _subsets of Q (\/ﬁ)

corresponding to each odd prime divisor of . M. Aslam
Malik and M. Asim Zafar, 2011 have determined the

E
cardinality of the set pr, r=1 consisting of all
r *
classes [a,b,c](mod p°) of the elements of Q (\/ﬁ)

and have determined, for each non-square M, the G.
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subsets of an invariant subset Q (\/ﬁ) of Q(‘/E)\Q
under the modular group action by using classes

[a,b,c](mod n)
In this paper we examine the action of the group

H on subsets Q” (‘/ﬁ) of Q(\/H)\Q. An action of

H and its proper subgroup on Q(\/E) has been
discussed in (Mushtag €t @l 1993, 1997, 2007). M.
Aslam Malik €t @l | 2005, examined some properties of
real quadratic irrational numbers under the action of H

and found some H -subsets of Q(\/ﬁ) .In Lemma 1.1
of (M. Aslam Malik €t @l 2005) such properties were
discussed for =1,2and 3(mod 4) and prove that
Q (\/ﬁ) is the disjoint union of Q (\/ﬁ) and
Q" (+4n) = (Q"(Vm\ Q™ (Wn))uQ” (V4n)

In this paper we extend this result to all non-
square n =0(mod 4) and show that Q (\/ﬁ) is the

disjoint  union of H _subsets Q (\/ﬁ) and
Q (“4n).This reveals that Q(\/ﬁ)\Q is the union

R T ,
on( k*m) VkeN Howeverif M and N are

two distinct non-square positive integers then
QEMAQNM =4 hereas Q VN)NQ' (/)
may not be empty. In particular

Q (\/ﬁ) nQ (m) =Q (\/ﬁ) for each non-square

positive integer N In fact we prove that a superset

namely
Q“(Jﬁ)u{%:a=@ed<m)\@wﬁ)}
of Qﬁ(m) is an H -subset of Q(\/E)\Q. We

have also found H -subsets of Q" (v4n) such that
these may are may not be transitive however they will

help in determining the transitive H _subsets ( H -orbits)
o QUMN\Q
The notation is standard and we follow (M.

Aslam Malik €t @l 2005, 37(2005)), (M. Aslam Malik
and M. Asim Zafar, 2011) and (M. Aslam Malik and M.

Asim Zafar, 2011 submitted). In particular (1) denotes

x(Y) :{i:a eVY}
the Legendre symbol and 2a
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for each subset Y of Q(‘/E) \ Q .

Preliminaries:

_a++n

C  with
a(a,b,c) ; Xy

a
Let

C . We tabulate the

actions on and their combinations

2 2
YXY YK and Y X in the following table for later
reference.

H

Table 1: The action of elements of on
aeQ (Wn)
a a b [
X(ax) —a c 2b
2

y(@) ~ a=C c 2(2a+b+c)
y’(a) —3a-2b-c 2a+b+c 4da+db+c
xy(a) a+c 2a+b+c C
yX(ex) a—-2b b —4a+4b+c
y’x(a) 3a-2b-c —4a+4b+c 2(-2a+b+c

2

We list the following results from (M. Aslam

Malik €t @l 2005, 37(2005)), (M. Aslam Malik and M.
Asim Zafar, 2011) and (M. Aslam Malik and M. Asim
Zafar, 2011 submitted) for later reference.

Lemma 2.1: (M. Aslam Malik €tal  2005) Let
a(ab,c)e Q*(\/ﬁ) . Then:
o ok
L e M= 0(mod 4) o 2 Q"G if and only if
2[b.
2 Q" (Wan)
2. 2 if and only if 2 ®
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Theorem 2.2 (M. Aslam Malik €t @l 2005) The set

Q' (W) ={=:aeQ (W) t=1,2}
t , Is invariant

under the action of H

Theorem 2.3 (M. Aslam Malik €t @l 2005) For each

non square positive integer n=1,2or 3(mod 4),

Q"vn)={a(a,b,c):axeQ(x/n)and 2|c}
H _subset of Q” (‘/ﬁ)

is an

G=(xy:xX*=y'=1)

It is well known that

represents the modular group, where
-1 z-1

X(2)= =, y(2)=—= _ _
Z z are  linear  fractional

transformations.

Theorem 2.4 (M. Aslam Malik €t @l 2005 PUIM) If
n=0or 3(mod 4)

then
S={acQ (v/n):borc=1(mod 4)} and
-S = {a e Q*(\/ﬁ) :borc= —l(mOd 4)} are

exactly two disjoint G _subsets of Q (\/ﬁ) depending
[a,b,c]

upon classes modulo 4.

Corollary 2.5 (M. Aslam Malik €tal | 2005 puIm) If
n=21or 2(mod 4)’ then S and —S .
Theorem 2.4, are not disjoint. W

Theorem 2.6 (M. Aslam Malik and M. Asim Zafar,
2011) Let P be an odd prime factor of M. Then both of

$P={aeQ (vn):(b/p)or(c/p)=1}

and

$7 ={a Q" (Nn):(b/ p)or(c/p)=-1}

are G _subsets of Q (\/ﬁ) In particular,these are the

as defined in

only G _subsets of Q (\/ﬁ) depending upon classes
[a,b,c] modulo p.
Theorem 2.7 (M. Aslam Malik and M. Asim Zafar, 2011

submitted) Let Py and P2 be distinct odd primes factors

- P —gP P
of N. Then Sl,l_slplmslz S1,2_511(1822

$,1=8,' NS

—ch Py
S,, =5,'NS,

nd are four G.

subsets of Q (\/ﬁ) More precisely these are the only
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four G -subsets of Q (\/ﬁ) depending upon classes
[alblc] mOdUIO plpzl

Notation: The four G -subsets defined in Theorem 2.7

S, .
can be briefly written as 022 More generally if n
involves I distinct odd prime factors Pus Paseees pf,

then Q (\/ﬁ) is the disjoint union of 2" subsets
10y iy g iy <2

G

The following theorem extends Theorem 2.7 for all non-
square positive integers n,

Theorem 2.8 (M. Aslam Malik and M. Asim Zafar, 2011
n=2pip2 - p

r where

which are invariant under the action of

submitted) Let

Pus Payees Pr are distinct odd primes such that N is not

equal to a single prime congruent to 1 modulo 8. Then

the number of G -subsets of Q (\/ﬁ) is 2' namely
Sistipdg i 2 it K=00r1 noreover if K=2 then

each G -subset X of these G -subsets further splits into
two proper G -subsets {a e X :borc=1(mod 4)}

and {a e X :borc=-1(mod 4)} Thus the number
of G -subsets of Q (\/ﬁ) is 2" if k> 2. More

precisely these are the only G _subsets of Q (\/ﬁ)

depending upon classes [a,b,c] modulo .

H=(x,y:x*=y*=1)

3 Action of

Q™ (V4n)
In this section we establish that if N contains ' distinct

Q" (\4n)

2" subsets which are invariant under the action of H .
However these H invariant subsets may further split

into transitive H -subsets (|‘| -orbits) of Q ("4n),

Q" (+/4:37)

on

prime factors then is the disjoint union of

for example splits into six orbits namely

l+\/3_7 H 1+\/3_7 H
WETy Eyr O O
—1+\/3_7 H —1+\/3_7 H
(——) (——)

3 and -3

. All these orbits are
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p p
contained in Ai ~ X(Ai ) .

Lemma 3.1 Let | =1,20r 3(mod 4). Let Y be any

G -subset of Q | (m) Then Y UX(Y) isan H-
subset of Q (\/E)

Proof: By Theorem 2.3, we know that
Q (\/ﬁ)\Q (\/ﬁ) is an H.-set. For any
acQ (“4n), proof follows from the equations
-1 -1 -1 4
X(@)=— x(—/)=« = =
(@) 2a (Za) y(a) 2a+1) 2a
-1 -1
y(Z_) = by
where @ =a+l  gng a 'B where
b= _—1+1
2a Since every element of the group

H :<x,y:x2:y4:1>

is a word in the generators
XY of the group H and the transformations

ar>a+l o a=1 pelong to both of the groups
Gand H W

n=1,20r3(mod 4) ¢ givisible by
an odd prime P Let Aip = Slp \QH(\/H) and
A =8; \Q**(\/ﬁ) Then both A" O X(A) and
A OX(A]) Q" (Van).

Consequently the action of H on Q" (v4n) is
intransitive.

Theorem 3.2 Let

are H _subsets of

Proof: follows from Theorem 2.6 and Lemma 3.1. W
Now we extend Theorem 3.2 for each non-square n,

= ok K nko K
Theorem 3.3 Let n=2 PP, Pr ,  where

Pus Par P are distinet odd primes and K =00r1,
Let Aisil,iz,is,...,irsz = Sjsil,iz,is,...,irgz \Q (\/ﬁ)

Q" (v4n) is the disjoint union of 2" subsets

Aﬁilvizjsv---'irﬂ U X(Aiéil,iz,is,...,irg )

27" which are invariant
under the action of H . More precisely these are the only

Then

H subsets of Q" (v4n) depending upon classes
[a,b,c] modulo N
Proof: Proof follows from Theorem 2.8 and Lemma 3.1.
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W
k

n=2"pip;2--p"

Theorem 3.4 Let where

Pus Payees Pr are distinct odd primes and k= 2 ¢S
is any of the G _subsets given in Theorem 2.8 and

A=S\Q"(WN) yen AUX(A)

is an H -subset of

Q (”4n). More precisely these are the only H.

subsets of Q" (v4n) depending upon classes [a,b,c]

modulo N
Proof: follows directly from Theorem 2.8 and Lemma

31. W

g n=0or 3(mod 4), then by Theorem 2.4, S and

=S are G -subsets of Q (\/ﬁ) and hence by Lemma

3.1, SUX(S) and —SUX(=9) are distinct H -

subsets of Q (\/ﬁ) Whereas if N =10r 2(mod 4)

then by Corollary 2.5, we know that S and =S are not

G _subsets of Q (\/ﬁ) However the following lemma
SUX(S) 4ng —SUX(=S)

£ Q'(n)

shows that are distinct

H _subsets o

Lemma 3.5 Let X =Y \QH(\/E), where Y is any of
the G -subsets of Q*(\/ﬁ) and " =1or 2(mod 4).
Let S={aeX:borc=1(mod 4)}
—-S={aeX:borc=-1(mod 4)}

SUX(S) —SuUX(=S)

and
Then
and are both disjoint H .
subsets of X Ux(X) . Consequently the action of H

on X UX(X) is intransitive.

Proof: As each 9 € H isaword in ®Y and yz . Also
we know that X =X, y'= ys, (y)" = yz,
Oy =yx o ()T =y g (V)T =Xy
Thus if @ €S then it follows by Table, yz(a)'
Xy(a) and yx(e) belong to S and hence ysx(a)
and XyS(Ot) €S . However X(a)' y(@) and yZX(a)

3 2
does not belong to S and hence Y (@) and XY (@)

does not belong to S Thus by Lemma 2.1 and Table

SUX(S)

given before Lemma 2.1, is an H -subset of
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XOUX(X) similarly, —SYX(=39)
of X YUX(X)

is an H -subset

n=25pip,? e py

r ., where

i By Pyreees P,
distinct odd primes and K =00r1 then by Theorem

2.3, QH(\/H) is an H -subset of Q(\/ﬁ) But if

k= 2, then it is easy to see that Q (\/ﬁ) is not an

are

H subset of Q (‘/ﬁ) However, we prove that a

superset of Q (\/ﬁ) is an H -subset of Q (‘/ﬁ) For

this, we need to establish the following results!

n=25pip,? e py

Lemma 3.6 Let r .  where

Pus Par P are distinet odd primes and K =00r1,
Then

L Q" (W4n)=Q Wm\Q (Wn)

2
Q*(ﬁ)\Q**(ﬁF{%:a:

and

20N _ oy I\ Q" (WA}

c

Let

c}

Proof:

a+meQ*(m):{a+

c

1.
;/H €Q"(v4n)and 2|

a’—4n C

. Then c

2
a“—4n
(a, ,c)=1
c .As C and 4n are both even, so a
— ! —_ ’
be a—2a,c—2c' Then

and 2 are both integers and

must Let

must be odd as otherwise
a’—4n

(a) !C) i I — 2 14
c 1. So © =4C" This shows that
(ar)z -n (ar)z -n

c is an integer, while c
a’—4n

is not an

odd, a
Also

integer for otherwise c is not

contradiction.
a’—4n

a')’—n
a',—( ) " ,C”) =1
. Therefore

(a, 0)=1s(
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a+m a,JM/H arJM/H The following lemma is an extension of Lemma 3.6 for
C = c' = ¢ Q*(\/ﬁ) all n=0(mod 4) and its proof is analogous to the
\/_ belongs to ' proof of above lemma.
a++4n n=0(mod 4)
’ . Lemma 3.7 Let . Then
Thus c belongs  to Q (\/ﬁ)\Q (\/ﬁ) 1
a+n eQ (Wm\Q (Wn) (Q*(\/g)\Q“(\/g)JUQ"(m) =Q (M\Q (Vn)
Conversely let ~ 2C . Then, by
2 and
aZfeQ*(ﬁ) 2 =
emme st = i Zaj“j%‘at S QUM WM = a= N e (fAm)\Q (A}
2C - 4c —
odd and hence a+\/_ belongs to Theorem3.8 Lot n=1,2or 3(mod 4). Then
* - a. 2a+~/4n . -
Q (m) Obviously 2c belongs  to Q (m)u{z.a T ¢ Q' (V4m\Q" (V4n)}
Q (\/E) . This completes the first part of Lemma 3.6. isan H -subset of Q(\/ﬁ)
2. We now prove that Proof: By Lemma 3.6,
o= 20 g (m (A= () Q™) = QT (VNRTY) g
2a+\/7
o eQ (J4M\Q" (V4n)}=Q (m\Q"(Vn)
MeQ"(ﬁ)\Q*’M)
. For this, let c . Then Thus G
4a’ - 4n QUG () =Q WG 0= 20 e (I (m}
c is an integer and "
4a? — 4n 32 -n is an H -subset of Q (\/ﬁ) if and only if
(2a, C =1 (a, ) = 1nzO(mod 4). Also since Q*(\/ﬁ) is not H -subset
I Thm\/_ implies that “ Q' (Wn)\Q”(Wn) and Q' (Wn\Q (Wn) are
2a+ 4n _a+ y
2 €Q (\/_)\Q (\/_) not H -subsets of Q (‘/ﬁ) By Theorems 2.2, 2.3 we
Conversely, suppose that  know that Q (Vm\Q'(Wn) is an H -subset of
2430 g (Wm\Q () Oy - SRR g oy
c . Then clearly C is odd . Thus 2 c
(a a’-n c)=1 isan H -subset of Q (‘/ﬁ) w
and e Also The following remark is an immediate consequence of
a2n 432 _4'n Lemma 3.6 and Theorem 3.8.
(a, c ) =1 (2a, c ,c)=1 - Remark 39 Let N* 0(mod 4). Then
us v _ *k *

o 2 i1 20 QWM =Q WMuQT (Vam) | e
c 2 20 ¢ ) e QWA =(Q(M)NQT(WM)UQ" (Wan)
2a+m . - The following theorem is an extension of Theorem 3.8

c €Q (\/ﬁ)\Q (\/ﬁ) . This completes forall M= 0(mod 4) whose proof is analogous to the

roof of above Theorem.
the proof. W P

72
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Theorem 3.10 Let n= O(mOd 4) . Then
Q" (Van) u{7 1 = ﬂe Q" (VAn)\Q” (van)}

isan H -subset of Q (‘/ﬁ) w

Theorem 3.11 Let n=0(mod 4) and
a(ab,c)eQ (\/ﬁ) . Then:
e
1.If @ jsodd then 2 belongs to Q (vén).
o
even then 2 belongs to

Q(\f)o(\f) o

according as

aeQ (VM\Q"(Wn) ,, @ Q" (Vn)
Proof: Let n EO(mOd 4). Let
= a*f eQ'(¥n)

. Then we have the following

n) is odd. So b cannot be
a

2
1. 1f @ is odd then (& —

even. Therefore, by second part of Lemma 2.1, 2

Q" (W4an)

2. If @ js even then (

belongs to
a®-n)=0(mod 4) o b,c

(a,b,c) %1

cannot be both even, as otherwise . Thus

exactly one of b,c is even. Therefore, again by second

a
part of Lemma 2.1, if b is odd then 2 belongs to
Q" (V4n) b
a

36(2) 2 belongs to

is even then, from the proof of Lemma

Q(\f)\Q (\f)
. That is,

2 belongs to Q(f)\Q (\/7) or Q (\/_)
@ eQ (/m\Q"(Wn)

according as or
aeQ () w
The following éxample illustrates the above theorem.
Example 3.12 Let n=8. Then
= 1+\/§ c Q*(\/g) a l+\/— 2+\/— 0 (\/—)
1 but 2 2
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2+8 . /] 1442 . .
= \/§ — = \/E \ \/E
Alsoﬁ €Q (v8) but 2 1 €Q (V2\Q ( )
4
=2 o 2= ”_ <Q'(@)
Slmllarly whereas 2
By summarizing the above results we have the foIIowmg
Theorem 313 Let "= 0(mod 4) . Then
Q'(Wn)=Q" (Vn)uQ" (Van) where

Q" (van) =(Q'(Vm\Q"(Wn)) L Q" (W4n)
Q" (Vn)= (Q*(\ﬁ)\Q”(\ﬁ))uQ”(\/ﬁ)

and 4 4 .

Proof: Follows from Lemma 3.7 and Theorem 3.10. W

We conclude this paper with the following examples for
illustration of Remark 3.9 and Theorem 3.13. For N = 2

an=8 Q" (V8)=(2)" u(~2)"

Q" (V32)= ()" U(—B)" o Q(VB) .
exactly 4 orbits under the action of H . Alsoif N= 3,
an=12 Q" (V12) = (¥3)" LU (—3)"
Q" (48)=(V12)" u(V12)" ¢ Q'(W12)
has exactly 4 orbits under the action of H . Similarly if
n=5 4n=20 Q" (V20)=(5)" LU(-V5)"
Q" (V80) = (v20)" L(—20)" ¢ Q'(V20)

has exactly 4 orbits under the action of H .
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