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ABSTRACT: The Telegraph equation arises in the propagation of electrical signals along a
transmission line and wave phenomena. Interaction between convection and diffusion or reciprocal
action of reaction and diffusion describes a number of nonlinear physical, chemical and biological
processes. Linear second order hyperbolic partial differential equations describe various phenomena in
acoustics, electromagnetic and fluid dynamics. In this paper, a Galerkin based Finite Element Model
has been developed to solve linear second order one dimensional Telegraph equation numerically.
Accuracy of the developed scheme has been analyzed by comparing the numerical solution with exact

solution.
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INTRODUCTION

Partial Differential Equations (PDE,s) are at the
heart of many, if not most, computer analyses or
simulations of continuous physical systems, such as
fluids, electromagnetic fields, the human body and so on
[William]. A class of hyperbolic Partial Differential
Equations which describes vibrations with in objects and
how waves are propagated is called Telegraph equation
[Gerald]. In physics, propagation of sound, light and
water waves is modeled by hyperbolic partial differential
equations. The efficient and accurate numerical
techniques for the Telegraph equations are of
fundamental importance for the simulation of time
dependent of transmission line and wave phenomena.
Finite difference methods are commonly used for the
simulations of time dependent waves because of their
simplicity and their efficiency on structured Cartesian
meshes [Kries, Burden, and Hoffman]. However in
presence of complex geometry, their usefulness is
somewhat limited. In contrast Finite Element Methods
[Reddy, Sastry] can easily handle these cases. Moreover
their extension to higher order is straightforward. In this
paper, a Finite Element Model for linear second order one
dimensional Telegraph equation has been developed.
Galerkin method has been used to setup the element
equations and a central finite difference scheme has been
used to approximate the first and second order time
derivatives.

Finite Element Model: Let us consider the second order
one dimensional Telegraph equation

0=x =l

t=0 1)

with boundary conditions

69

u(0,t) =ull,t) =0, t=0
and initial conditions
ul(x,0) = f(x), D= x =l
and

a1

a—; (x,0)=g(x), O0=xx=I

Domain Discretization: Let us consider the global
domain as shown in Figure 1, in which we have to
approximate the solution of equation (1). We divide the
global domain into finite number of rectangular elements.
Let there be K nodes and K-1 linear elements in spatial

=T

direction. In the Figure 1, * represents *~ node and (£J
represents the l'ﬂ:element. Each element has two nodes,
e.g. element (£) has left node ! and right node f+1
The length of element () s given by&%: = Fieg — X
In a similar way we take an element along temporal axis
each of length At™ =t -t
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Interpolating Functions: Let us approximate the

solution of equation (1) by 1 (% ), where © (%) js
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defined as
u(nt)=u? (xo) + v D () + 4 w0 ()
(2)
whereeach # / (8) (1 = 1,2,3,..K - 1)

represents the local mterpolating polynomials over the
element(2) write 1 (1 t) for i elementas
w9 (1) = t:-(t)N:. x)+ tt:-_i(t).-"u':."_:';(x)

Where 1t:-(1‘:| = (i=12,..

(3)

K) represents the nodal

| |::'_-_|__'.
values and h" and N represent the shape functions

for the element (1) at nodes ! and { T 1 respectively

and Vi S are Lagrangian Polynomials of degree one. We
define

N 3] (1)

) T S R i = 1

Ti41 T (4j
and

.1'—.1':

1(7‘-) = Az [5)
Substituting the values from (4) and (5) into equation (3),
we have

k1 (53] I:;'._'J I‘j =i, [— %:} o [ A ‘.I (6:]
Element Equations:

In this section we WI|| ‘use the
Galerkin method to approximate the solution of one

dimensional Telegraph equation given by (Die

8 ti. ati. _ :8 u
oz P TYMTC 52
Whose residual is
2 8%
R(x, t)—n;aT—,B——,u: € oE ()

Let us define the integral { (u(xt)) of Welghted residual,
which is developed by multiplying £(*:2) by weighting

functions Wx (%) (k 1,2,3,....) and integrating
that integral over the entire domain. Then set this integral

equal to zero. We take the general weighting
function Y (%) Therefore
tt(:t r)} f W ( ——E——”u—c:'j;\]dx=t}

1(ulx0)=f abt’%d'x + [ pwStdx — [ c%f%dx + [Pywude =0

(8)
Now solving the third integral in (8) by parts
That is
5 W du

b 2 'E:_”‘ R 2 :Eb_ b - =
fc W= dx = [c 4! EIL fc C
du

The factor &= in first term on R.H.S of (%) cancels out at
all interior points when we assemble the element
equations. It exists only at first and last node when there

are boundary conditions on derivatives. Therefore we will
drop this term so that equation (8) will take the form

* (9
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2 dW du

I [:’tt(l', t)) = j; C‘tW% dx —f pw —d1 + f: C'——d1 —f yWude=0

(10) _
Now the weighted residual integral . (w( ) for the

entire domain is expressed as sum of weighted residual

integrals of each element (D) (i= . K)

[ [:tt[x, t)) =10 [:tt[x, t))— +1@ [:’tt[:t', t)) + &1 [tt[:t t)) 0
(11)

where

1 [:u(L t)) = L’_\_:“ aW% dx + L’_\_:“ﬂw%dt + j:“" c? %:—:dz + j:”" yWudx =0

(12) ' ' ' '

To evaluate 1" (u(x.1) given by equation (2] we

require u (1) ang its partial derivatives w.rt ©
and X
and substituting values of -"": = from (4) and (5) we get
=i (- ) e (5 )

arutH . .1.'—.1.';_;_, . x—x;
S =i (- T) r i ()

Now differentiating (3 wrt

. Differentiating (3) two times partially w.r.t t

(14)

du
= ,_ (10 —u;) (15)

Substituting the values from (13), (14) and (13)into
equation (12)

1'3i‘['.¢(x r))_ ja;;-atr[;t - ‘—] Hii, (]} j*"ﬁw{.t (- =)+
U, _1 o ]cf ::*' ¥ i—{nt- (— A:t] T Uy ( ]da f tc? : ']a’;\ =0
(1

Writing equatlon (16) symbolically as
I'"(u(x,t))=A+B+C+D (17)

where A, B, C and D represents the integrals in equation

(17). In Galerkin method, the weighted functions

W, (k= 1L2,. :'are considered to be shape

functions. Here ¥ (") and —1(’*) are the shape

function. Therefore Iet
Wix) = -"-.' Y(x)=—

E—Xjy, aw _ 1

and &=
Substituting the value of W () and 2= in equation (16)
and solving the integrals for A, B, C and D

'_"..l'i '_"..1.'5

a=Limal- o (- 5) + e ()]
A=a= 2+ i) (18)

Next solving for B
B = ,8% (24 +144] (19)

Solving for the value of C
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c=";‘ [2w 11(2':0
Now for D
p =i - ] [ ax

D =—

_'_:_: [1e;24 — l‘-:] (2 l:l

Now substitute the values from
(18),(19).(20) and (21)in (17) we have
i uxt))=a ;[Qm taq] + ﬂ 24, + 1y 2w, + ugy ]7%;[15:_171¢5]=
. i
(22)
Further we let, ¥ (x) = "‘ (’*:' then

W(x) = A

2z and B Ax;

Next we use these values of W (f‘jand 8x

equation El?j, and solving for A, B, C, D we get.
A =j:+[i] [—;;-,:. (- k) )+ (5 ]] dx

Az

d; ['l""';' - 2"I‘I":'—1]

(23)
Now

B=p % Lt + 2ia] (24)
Solving for C we have

c= J:: *iy [*_*] [u:- I:— e

Ay Axp - \ hxy

=vS Uil (25)

p=c [—_] (26)

Now substituting values from equations
':23:"':24:"(25:' and (25] into equation':l?:', we
have:

19 (u(x,0) =
0

(27)

Equations (22) and (27) are the element equations for

a% [i; + 2ii,. 24,.4] —% [u, + 2u,.,] —_CT [t —u]=

1] _18%[{":_

L™ element.

R

Assembly of Element Equations: Since !~ node is

l:' element therefore in

=%

order to get the nodal equation for ¢

common between (£) and (i—
node we assemble
the elements equation for node i in (£) and (i—1)
element. The physical domain for element (£) and

(£ =1) s shown in Figure 2.
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Figure2

As we can see from the figure 2 that the node
Y7 1 for the element (1) corresponds to node £ for the
element (! = 1) and node £ in element () corresponds to
node ! — 1 in the element (¢ = 1) Therefore to write the
element equations for node £ of element (£ — 1) we will
replace L by =1 in the element equation of element

(1) for the node ! ™ L. Thus we have from equation

(27):

ey +20] + 25, 400+ ;i-’_}[uf—i_2"5&}_5[“&_“;—1]:O
(28) -

In general 4%:= ¥y —X; angd Ax,q =2 — %4

Now let 84%: = A%. gng 8%,y = AX_ gq equations

(22) and (28:' for ith node of (':' and ({ = 1) element
will be

a%[}[if iy —,G%[Q’ttf +ug]+ '“:i:*"'[Qu:- i) - i[u:-_1 -u]=0
(29)
md; [u’. —Qlf.]—gldl [u’._1 u’.]—}uL [Lt_l—zu’.]——[u’,—u’, 1]—
(30)
&

Multiplying equation (29) by «lix.) and equation
&

(30) by #{2%_] and then adding we get

[il g + 4 + iy L ey =] _mf% lui— e+

o(Ax,.

W+ g [ty + 4k ] =

";[15:_1 +du tu =0

(31)

Approximation of Time Derivative:
" time level is given as:
n+l

The central

difference approximation for 1
u',“ - 2 LL T Uy

(a0)?

i, =
And

un, = -
i 2(AL)

Substituting this value of time derivative in
equation ES lj at n Ievel of tlme we have

On 5|mpI|fy|'ng we Qet o
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(32)

Equation (32) represents the Finite Element
Scheme for second order Hyperbolic Partial Differential
Equations when we have non-uniform grid. Now for
uniform grids we have
Ax, = Ax_ = Ax
Therefore from (32)we have
[l—g'—; i+l ) = [gl—;— l} (Wt + sl i 4 [2 +

gt (1)

: a(ix)
. ]uf_l + [8 -
Ba] a4 e nt
[l n _&v} (W + 4t ) =

Blag)

g (4¢) ylae)®

126 2w
]u:-'_l =0

- l] (Wl +at st + {2 - %] (W, + 4l +ul)+ [sml;

g2

ai{Ax)®

Let
Therefore we have:

L I I N
[l e } (w:-_1 duf uisy ) )
[g;: - l] (ufs! +4ul™t ) + [2 - "'"":'

uhy) =0

(33)

] (ufy +4u? +ul) +d(ul, —2ul +

Equation (33) represents the Finite Element
Model for linear second order one dimensional Telegraph
equation with uniform mesh points.
Test Problem: Let us consider the Telegraph equation as

H:%—SH:%— wlu =Z—“ D=x =1
with the boundary conditions
u(0,t) =u(1,t) =0,
and initial conditions
ulx, Q) = sinmx

2

t=0

du
2 (x,0) = —sinmx

Exact Solution: 1(*.t) = e~ sinmx

Table 1: Comparison of FEM and EXACT Solutions
ath=0.1, k=0.02

X FEM Solution  Exact Solution Error
0.0 0.000000000 0.000000000 0.000000000
0.1 0.302898152 0.302898048 1.04E-07
0.2 0.576146521 0.576146324 1.97E-07
0.3 0.792997656 0.792997385 2.71E-07
0.4 0.932224654 0.932224336 3.18E-07
0.5 0.980199008 0.980198673 3.35E-07
0.6 0.932224654 0.932224336 3.18E-07
0.7 0.792997656 0.792997385 2.71E-07
0.8 0.576146521 0.576146324 1.97E-07
0.9 0.302898152 0.302898048 1.04E-07
1.0 0.000000000 0.000000000 0.000000000
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Figure 3. Comparison of FEM and EXACT

RESULTS AND DISCUSSION

In Table 1, a comparison of FEM solution with
exact solution along with absolute error is presented. It
can be observed that computed values are very close to
exact values and corresponding error is negligible. In
Figure 3, both FEM and exact solutions are plotted. It is
clear from the plot that solution obtained by developed
scheme is approximately equal to exact solution.

Conclusion: A Galerkin based Finite Element Model for
linear second order one dimensional Telegraph equation
has been developed. Accuracy of the developed scheme
has been analyzed by solving a test problem and
comparing computed values with exact solutions. It is
observed that the scheme produces very accurate results.
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