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ABSTRACT: Many boundary value problems that arise in real life situations defy analytical
solutions; hence numerical techniques are the best source for finding the solution of such equations. In
this paper, a compact method for homogeneous telegraph equation is developed, and comparison of the
compact method with the second order scheme is also given. We have obtained results both
numerically and graphically. We used FORTRAN 90 for the calculations of the numerical results and
MS office for the graphical comparison.
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INTRODUCTION

The compact method is a new difference
approximation. It is the fourth order approximation using
only three grid points; whereas standard fourth order
centered difference approximation requires five points, so
in this method we have a higher order accuracy using
fewer grid points. In (ORSZAG; 1974) a compact
formula was mentioned and this method was used in that
manner by Ciment and Leventhal (1978) for hyperbolic
problems. Telegraph equation occurs in the study of
transmission of electrical signals in a cable line and wave
phenomenon. Biologists come across these equations in
the study of pulses blood flow in arteries and in one
dimensional haphazard movement of bugs along a hedge.
Also the transmission of acoustic waves in Darcy type
permeable medium and analogus flows of viscous
Maxwell fluids are presently a few of the phenomenon by
Telegraph equation.

Let us consider the second order one-dimensional linear

hyperbolic equation
d*ulx.t)

dulxt z

a———+F——+yulxt) = c* -
(1)
with the following initial conditions
)
3)

and with the boundary conditions

“4)

)
for
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Eq. (1) is referred to as the second order linear

homogeneous Telegraph Equation with constant

coefficients. In eq. (1), is distance and is time. For

and , equation (1)

represents a damped wave equation and for
are non negative integers then it is called telegraph

equation.

Finite difference scheme: To develop the finite

difference scheme for eq. (1), select an integer ™ AND
THE VALUES OF f{ FROM Y TO * THEN THE
MESH POINTS (*i:tz) ARE
X
“for

+
n

for

At any interior grid points , then the Hyperbolic

Homogeneous Telegraph eq. (1) becomes

R Aurm £ - - Ature
ufx; b vulx;t,) = c* P

The method is obtained by using the central difference

at

approximation for the first and second order partial

derivatives.

So that eq. (6) becomes
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where
Neglecting the truncation error leads to the difference

equation.

Taking

-. and

s and

This equation holds for each
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boundary conditions give

®)
for each

And the initial condition implies that

(€]

for )

Writing in matrix form for " we have
uf™ ¥ A o0 o[ uf ui”
uffrt AE A uy ul”

=|0 A =0 EE
: . OA : :
ulty o 0 A Plug U
(10)

Equations (7) and (8) imply that the time steps

requires values from the and time steps.
This produces a minor starting problem since values of

which is needed, in equation (7) to compute ~ must be

obtained from the initial value condition.

-

F g N -
uely = ghxgh 0=ux=1

A better approximation can be obtained rather

easily, particularly when the second derivative of  at

can be determined.

Consider the Taylor Series

I:{-

. e I . K .
ui - = U FRuUdy el o Uy o U
: ’ o 2 & 24
ittt — oyl I I . )
- = Ul o Ul + — U (Tl
P P T3 i P Ay
For we have
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wi-uf o, o, B i3
xC Weli Ty Ul T U homogeneous Telegraph eq. (1) with and are
(11) given functions. This Compact method approximates eq.
(1) by two difference equations of fourth order using only
for some i.n and Suppose th? hqmogeneoqs three grid points say and . Let us denote first
telegraph equation also holds on the initial line. That is
by equation (2) and second derivatives of with respect to by
.t g ¥
Upplf = = iz U P Eu; two fictitious alphabets respectively.
Substituting this value in eq.(11), we get (13)
uf—uf . ket I AT S
—— =i+ o | = ) =y — = |+ —u u,lx.t) =5
k 2he T Y ettt et o8t
but ] )
w.]? = alx.) We shall first develop a relationship between the values
L o L
So on simplifying we get
I.p : ." T P of and . Since , it is clear that
ui=——f )+ | k-5 g+ 1— 5 |u
Zn : 2e 7V 2w ) o
This is an approximation with local truncation error ull, =4, + F(E D df
for each -t

Now from the difference equation

fi ) 2f e + X Approximating this integral by Simpson’s Rule and
Ixx;'_:.- - Ixr;'.- T I\':r'-i-—:.-l

frixd= = rearranging it, so we have
T P Ll ot 1.
P : : . wl, =y —(F, L 4AFN L e — —
I.--f- |'.ic':“:'_-'l‘| - Ef':”:'l‘l + irl:.”:'_-"I i |'. 3‘.'- i . di_: di_: I“LE_: cl flsls =T
ut= I‘,., | PR T, .-I-"'.- S |+ I |’l‘._.“" |Bl:_,1':-:'l + 3 gl:l ox
2o | R Foo e 7
o ) Thus to fourth order, we have i
P . R K<Yy L f (FN . L 4AFr L FR oSy — g n
ul= e (flr )+ fla )+ | k- g+ [1-=—= (Foy +4F +FLy) o M T
T 2ghs Y TR AR 2o J7Y e (14)
So we have a relationship between and . This is the
] first difference equation.
But and letting , we have
In order to obtain the second equation, we start by
evaluating (1) at the mid point . Then eq. (1) becomes
ub = ._'_-':f':a"-':'_» 1+ I ET 1)+ = J_{- | g':r;:l + e+ fua oy
L To I+1 LS -1/ |\ T 4 L [t L Lo ¢
, 2oz (15)
(1 - ==]Fxy) . .
N w e ’ We now require an expression for . If we express
(12)
and in Taylor series about the point and
for each " Note here and adding the results we get
ull, +uf P+

Compact scheme for telegraph equation: To develop
this scheme for the second order linear hyperbolic
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(16)

where we have replaced with . If we carry out the

same procedure for  then we have

IXXXEX N

from these two equations and
we get the following expression for

We now eliminate
after rearranging,
-

o

a (See Ozair, A compact method for
heat equation, with equations @ ,
where tells the equation number in Ozair’s paper).
We now substitute the expression for into (15) and

rearrange to get the following second difference equation

of fourth order.

Gt + Bu T

(18)

We have now replaced (1) by two difference equations
(14) and (18). Now we have to look at the boundaries.
Let us first consider the left boundary condition i.e., at

and denotes the points by
The first difference equation we get from the boundary
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condition is

(19)
In order to get the second equation, we start with the
differential equation at the point and
eSSt =ou i+ f8
(20)
5 =au, |+ 8
21

From (See Ozair, A compact method for heat equation,

with equation and ), we have the following
expressions for and
SIp= S(—23ul + 16ul + Tul) -2 (6FF + 8FF +
)
(22)
SIt= S(ul - 2ul + ) - = (F
' ) (23)
Finally we have from (14) i
|:.~::“ LAFT + ,~:_“| _f ':u; -
' (24)

So we have five equations (20) to (24). If we eliminate
from these five equations, we get

and

the second difference equation, valid at



25

In a similar manner, we can derive the following difference equation for and  at , 1.e. at the right boundary
point.

| BCY " n - "
— Eit L — B == o L— | ! 1L 7 -
H fm-1 o fm = O\ Ul — Upplm—y Pitelm

@7

Thus for each point, we have two difference equations. If we write them all together, we have the following Fourth Order

Compact Scheme for

up=10
{12c” Vo, 127 | -7 - - T ) . o " o
| =——+ 7 |uy—I| +¥ | uy+ o+ F'=a(u ] —we g+ Bludy — wldg)
||:. v ||-;- L || v ||.L p LIVl e L p i e
2 c? ioaeh _
.I-_‘l':{_ +u |—||'I + ||-_'_ Jul — - "1_'=ﬁ"4rr?+3ﬂcr "‘

f1ze Y f1zet Gcl 6ot _ _
| =T +7] T g — | = +7]) U + Fp_y+ Fr = @ (tpelm — el ) + B (tielm — welit_ o)

. h* h* h
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The superscript s used to denote the time grid lines.

Accuracy of the scheme: Next, we compare the
accuracy of the method with the standard five point

centered difference scheme of the fourth order. The

relation between and in this method is

1 2 1 1.

—E_ +=-F +-F ;= —up_y)

g TR T T g e T gy et T
and the relation between and  in this method is
! ¢ 5#: L T L 2
k. L =5 L —5. :—_I\1 g — 2uq J
127t T g T g Tt T e T ST i

The accuracy of this scheme is easily obtained by Taylor
expansions of the above equations. The consequential

truncation error is

B

Oy = u

and
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The usual five-point fourth order approximations for

and are
Fo=—(—u; o+ 8u;y —8u - _y +2:_-)
Y12k - e - e
and
) L ¢ 16 a0 16 )
9 = g Vg + 10U — Sy + 10Uy —up_g)
i Jop2 i+2 i+1 i i-1 -2
The truncation error here is
|"' 1 Yoo =
Fr =u; — | =—=|h* u'®
! I'~3|:|'
and
) Pl By N
_'-:_E. = ui. —_ I'.‘ﬁ_ h* y\®

Even though the new scheme and the standard
representation both represent fourth order accuracy, the
compact method should generate slightly more correct
results due to smaller coefficients of the truncation error
terms.



Difference scheme using compact scheme for and central difference scheme for

ul ™t — 2yl 4Pt .
Ugelf = — — — + 0(k*)
L2
and
uftt — it
Ut = — - + 20k
el oL {
Then
T L e
g I I -
tli-1 2
and
uf*t -yt P Pt
u P —u P, = - — -
e 2k

and

Then by using the last results, we have from egs. (19), (25), (24),(18), (26) and (27) as below:

-
ug =0

o B . Brf £ 2o 12e° \ B oy

__T I.-'- __IE-__E_ I___ - I;.I-'_ -'1_'__ i

kT 2k h h \ k? h : 2k &

o N
o B o VoL B oy
1= T AL P e
i, = R Lo
"
, —
ull =0
=3 Z )
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) ) Application 1: Let us consider the homogeneous
Now for finding for the next time level, we use the

u
L. .. telegraph equation " in the interval
initial condition graph ¢q

. The boundary conditions are

u ¥ = glx;), 0= x| ulD, &) =ulm,t) =0

Which can be approximated into the form by using and the initial conditions are

Taylor’s series and finite differences as given in eq. (12). and d’
The Fourth Order Compact Scheme can be expressed in (

matrix form. ul

The Exact Solution is

144



Comparison of the Numerical Results of FDM and FOCM at

Table 1: Finite difference method
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0.000000000

X.

1

FDM

Exact

Error

0.000000000
0.3141592685

0.625315531

0.9424777%5

1.2566370681

1.570796327

1.584955592

2,199114555

2513274123

2.827433388

3.141592554

0.000000000

0.225789472

0.429478947

0.591124713

0.694908500

0.730607786

0.694%03300

0.391124713

0.429478947

0.225789472

0.000000000

0.000000000
0.2257 06646

0.429319915

0.590808170

06946342320

0.730402708

0.694554228

0.390908170

0.429319918

0.2257 06646

0.000000000

0.000065573

0.000157029

0.000216543

00002324274
0.000267506

0.000254274
0.000216543

0.000157029
0.000082626

0.000000000

Table 2: Fourth order compact method
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X.

1

0.000000000
0.314159265

0.628318531

0.942477796

1.256637061

1.570796327

1.884955592

2.199114858

2.513274123

2.827433388
3.141592654

FOCM
Qoooooooo
2

0
0223772419
0.4294 40009
0.591074289
0.6943409272
0.7306077 86
0.6943949272
0.591074289

0.429440009

223772419

0.
f.oooooo0oo

Exact
0.000000000

0.2237 06344
0.429319913

0.390908170
0.694654226
0.730402708
0.694654224
0.390908170
0.429319913

223706546

0.
f.ooooooooo

Error
0.000000000

0.000083573
Q.ooo1zo090

Q.0o01es100

2.0001950350

0.000205080

0.000195050

Q000188100

f.oooL2o090

0000083573

Q.ooocoooooo

For graph see Figure 1

. The boundary conditions are

and the initial conditions are

The Exact Solution is

Table 3: Finite difference method

and
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Application 2: Let us consider the homogeneous Telegraph equation

Comparison of the Numerical Results of FDM and FOCM at t=0.05

in the interval



X.

1

0.000000000

0.100000000

0.200000000

0.300000000
0.400000000

0.500000000

0.600000000

0.700000000

0.800000000

0.900000000

1.000000000

FDM
0.000000000

0.189019874

0.339537184

0.4%4580351

0.581743300

0.611631104

0.281743300

0.474580351

0.3595371384

0.189019874

0.000000000

Exact
0.000000000

0.1858654259

0.355841747

0.493903279

0.580615143
0.61045%5011

0.580615143

0.493903279

0.355541747

0.1858654259

0.000000000

Error
0.000000000

0.000365615

0.000695437

0.000937072

0.001125157
0.001183093

0.0011325157

0.000957072

0.000695437

0.000365615

0.000000000

Table 4: Fourth order compact method
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X.

1

0.000000000

0.100000000

0.200000000

0.300000000

0.400000000

0.500000000

0.600000000

0.700000000

0.800000000

0.900000000

1.000000000

FOCM

Exact

0.000000000

0.188897592

0.359286293

0.4%94580351

0.581743300

0.elle81104

0.581743300

0.4345a80351

0.359286293

0.188897592

0.000000000

0.000000000
0.138654259

0.358841747

0.493903279

0.280615143

0.61045%5011

0.580615143

0.493903279

0.338841747

0.138654259

0.000000000

Error
0.000000000

0.000243333

0.000444545

0.0006105882

0.000718743

0.000735415

0.000715743

0.0006105882

0.00044435458

0.000243333

0.000000000

For graph see Figure 2
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Application 3: Let us consider the homogeneous Telegraph equation

. The boundary conditions are

ul0,8) =ulm,£) =0

and the initial conditions are
and s

The Exact Solution is

Comparison of the Numerical Results of FDM and FOCM at

Table 5: Finite difference method
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in the interval



X.

1

0.000000000

0.314159265

0.628318531

0.942477796

1.256637061

1.570796327

1.884955592

2.199114858

2.513274123

2.827433388

3.141592654

FDM

Exact

0.000000000

0.1890195874

0.339337184

0.4%94580351

0.581743300

0.elle81104

0.581743300

0.4345a80351

0.359537184

0.1890195874

0.000000000

0.000000000
0.188654259

0.358841747

0.493903279

0.280615143

0.61045%5011

0.580615143

0.493903279

0.338841747

0.188654259

0.000000000

Error
0.000000000

0.000365615

0.000695437

0.000937072

0.001125157

0.001183093

0.0011325157

0.000957072

0.000695437

0.000365615

0.000000000

Table 6: FOURTH ORDER COMPACT METHOD
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X.

1

0.000000000

0.314159265

0.628318531

0.942477796

1.256637061

1.570796327

1.884955592

2.199114858

2.513274123

2.827433388

3.141592654

FOCM
0.000000000

0.185897534

0.339236293

0.4%4514181

0.281336530

0.611253428

0.581336886

0.4%4514181

0.3592806293

0.185897534

0.000000000

Exact
0.000000000

0.1858654259

0.355841747

0.493903279

0.580615143

0.61045%5011

0.580615143

0.493903279

0.355541747

0.1858654259

0.000000000

Error
0.000000000

0.0002433735

0.000444545

0.0006105882

0.000718743

0.000735415

0.000715743

0.0006105882

0.00044435458

0.0002433735

0.000000000

For graph see Figure 3
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FIGURE 3. Comparison of FDM, FOCM and EXACT
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RESULTS AND DISCUSSION

In this paper, numerical solutions for one
dimensional linear homogeneous Telegraph equation are
derived using Finite Difference Method (FDM) and
Fourth Order Compact Method (FOCM). Fourth Order
Compact Method is known to be a powerful method for
solving such hyperbolic equations. Three different
problems are tested numerically using finite difference
method and fourth order compact method. The numerical
results are then compared with the exact solutions. We
observe that the fourth order compact method, which also
uses only three nodes, gives better results than the
standard finite difference second order method.
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